The relativistic Dirac equation in four-dimensional spacetime reveals a coherent relation between the dimensions of spacetime and the degrees of freedom of fermionic spinors. A massless Dirac fermion generates new symmetries corresponding to chirality spin and charge spin as well as conformal scaling transformations. With the introduction of intrinsic W-parity, a massless Dirac fermion can be treated as a Majorana-type or Weyl-type spinor in a six-dimensional spacetime that reflects the intrinsic quantum numbers of chirality spin. A generalized Dirac equation is obtained in the six-dimensional spacetime with a maximal symmetry. Based on the framework of gravitational quantum field theory proposed in Ref.
I. INTRODUCTION
After building the theory of general relativity [2] , Einstein predicted the existence of gravitational waves [3] . The direct observation of gravitational waves at LIGO [4] and the discovery of the Higgs boson at the LHC [5, 6] motivate us to further explore more fundamental issues, such as the structure of matter, the dynamics of spacetime, the origin of the universe and the mass generation of quantum fields. These are the most challenging problems in the basic sciences and all concern a deep understanding of the nature of gravity.
The gravitational force is currently characterized by the theory of general relativity (GR), which is applied successfully to describe the macroscopic world. GR was formulated by Einstein based on the postulate: the laws of physics must be of such a nature that they apply to systems of reference in any kind of motion. More explicitly, the physical laws of nature are to be expressed by equations which hold good for all systems of coordinates,
, (µ = 0, 1, 2, 3)
where G is Newton's gravitational constant and c the speed of light in vacuum, and and M P the Planck constant and Planck mass, respectively. The left-hand side shows the geometric property of spacetime with R µν the Ricci tensor and R = g µν R µν the curvature tensor, which is determined by the metric tensor g µν , and the right-hand side reflects the property of matter with T µν the energy-momentum tensor of matter.
The establishment of GR and its experimental tests have led to a breakthrough in the understanding of the structure of spacetime and the correlation between the geometric property and matter distribution. It has been shown that the gravitational force is characterized as the dynamic Riemannian geometry of curved space-time. Namely, the physical laws are invariant under the general linear transformation of local GL(4,R) symmetry, which indicates that space and time can no longer be well defined in such a way that the differences of the spatial coordinates or time coordinate can be directly measured by the standard ways proposed in special relativity. Furthermore, energy-momentum conservation cannot be well defined, as the GL(4,R) group contains no symmetry of the translational group P 1, 3 . Manifestly, it is in contrast to other three basic forces, the electromagnetic, weak and strong forces [7] [8] [9] [10] [11] [12] [13] [14] [15] , which are all described by gauge field interactions within the framework of quantum field theory (QFT). QFT has been established based on the globally flat Minkowski spacetime of special relativity and possesses a global symmetry of inhomogeneous Lorentz groups in four-dimensional spacetime, which contains both the Lorentz group SO(1,3) and translational group P 1,3 , i.e., Poincaré group P(1,3) = SO(1,3)⋉P 1, 3 . Such an odd dichotomy causes difficulties for the quantization of gravitational force and the unification of gravitational force with the other three basic forces. This should not be surprising, as GR was formulated by Einstein in 1915 as a direct extension to special relativity. At that time, quantum mechanics was not yet established and the equation of motion of the electron was unclear, not to mention that the weak and strong forces as well as the basic building blocks of nature and the framework of QFT were all unknown. Quantum mechanics was originally established in the mid-1920s as a non-relativistic quantum mechanics and obtained by quantizing the equations of classical mechanics by replacing dynamical variables with operators. Its mathematical formulation is applied in the context of Galilean relativity.
A relativistic formulation was a natural extension of non-relativistic quantum mechanics. The key progress made by Dirac was the relativistic quantum Dirac equation [16] ,
with α = (α 1 , α 2 , α 3 ) and β the 4 × 4 Hermitian matrices satisfying the conditions α i β = −βα i , α i α j = −α j α i ( i = j) and α 2 i = β 2 = 1. The matrices multiplying ψ shows that it is a field with a complex four-component entity. The Dirac equation is relativistically invariant. More explicitly, a Poincaré covariant formulation of the Dirac equation can be expressed as (γ µ i∂ µ − m) ψ = 0 , µ = 0, 1, 2, 3,
with the 4-dimensional coordinate derivative ∂ µ = ∂/∂x µ and the 4×4 γ-matrix γ µ , which satisfies anticommutation relations
The Dirac equation is a crucial step for the unity of quantum mechanics and special relativity, which led to the successful development of relativistic quantum mechanics and QFT. The Dirac equation reveals an interesting correlation between the dimensions of spacetime and the degrees of freedom or quantum numbers of the basic building blocks, such as electrons and quarks. Specifically, the four-dimensional spacetime of coordinates correlates with the four-component entity of the Dirac spinor. Such a four-component entity field reflects the spin- 1 2 property and negative energy solution of the Dirac field ψ(x), which provided a pure theoretical prediction of the existence of antiparticles.
Inspired by the relativistic Dirac equation, in this paper we will investigate the intrinsic properties of a massless Dirac spinor and show an additional correlation between the chirality spin quantum numbers and extra dimensions. We shall begin with a demonstration to show the maximal symmetry for a massless Dirac spinor and how to derive a generalized Dirac equation in a six-dimensional spacetime. We then follow the framework of gravitational quantum field theory proposed in Ref. [1] with the postulate of gauge invariance and coordinate independence, which is an alternative to Einstein's postulate on general covariance of coordinate transformation for the theory of general relativity [2] , to find a unified description of quantum mechanics and gravitational interaction for the massless Dirac spinor in the six-dimensional spacetime.
Our paper is organized as follows. In Section 2, by considering a massless Dirac spinor, we extend the Dirac equation in four-dimensional spacetime to an extended Dirac equation in a six-dimensional spacetime, so that the Lorentz symmetry group SO (1, 3) in the vector representation of coordinates and the spinor spin symmetry group SP(1,3) ∼ = SO (1, 3) in the spinor representation of the Dirac field are generalized to the Lorentz symmetry group SO (1, 5) and the spinor spin symmetry group SP(1,5), respectively. Under the ordinary parity and time-reversal operations, the fifth and sixth dimensions transform as spatial and time-like dimensions, respectively. An intrinsic W-parity is introduced to characterize the two extra dimensions. With the properties of charge-conjugation and W-parity, we demonstrate in Section 3 the existence of a maximal internal gauge symmetry SU(2) for the massless Dirac spinor. An action with the maximal symmetry is built in the globally flat six-dimensional Minkowski spacetime. We then derive a generalized relativistic quantum equation for the massless Dirac field and the gauge field as well as the singlet scalar field introduced to maintain a conformal scaling symmetry. Doubly electrically charged bosons are predicted in the theory. In Section 4, when taking the spinor spin group symmetry SP (1, 5) and the global conformal scaling symmetry of the Dirac field as internal gauge symmetries, we are led to a biframe spacetime structure
is introduced to characterize the gravitational interaction. Based on the nature of globally and locally flat vector spacetimes, it allows for the canonical identification of vectors in the tangent Minkowski spacetime T M at points with vectors in the Minkowski spacetime M A itself, and also the canonical identification of vectors at a point with its dual vectors at the same point. The total spacetime is viewed as a gravifield fiber bundle E with the identified locally flat gravifield spacetime G ≡ G M ∼ = G * M as the fiber and the identified globally flat vacuum spacetime V ≡ T M ∼ = T * M ∼ = M A as the base spacetime. With the principle of gauge invariance and coordinate independence proposed recently in Ref. [1] for a quantum field theory of gravity, we arrive at a gravitational gauge field theory for a massless Dirac spinor with maximal symmetry in the locally flat gravifield spacetime G. In Section 5, we present an alternative formalism by projecting the action into the globally flat Minkowski spacetime V, which enables us to derive equations of motion for all fields and conservation laws for all symmetries. The equation of motion for the gauge-type gravifield is in general connected with a nonconserved current. When turning to a hidden gauge formalism, the dynamics of the gravifield is found to be characterized by a total energy-momentum tensor. The conservation of total energy-momentum tensor leads to an interesting relation between the field strengths and the spacetime gauge field. The symmetric part of the equation of the gravifield tensor gives a generalized Einstein equation of gravity in the six-dimensional spacetime. Our conclusions and remarks are given in Section 6.
II. CHIRALITY SPIN & W-PARITY OF MASSLESS DIRAC SPINOR AND EX-TRA DIMENSIONS WITH MAXIMAL LORENTZ & SPIN SYMMETRY
To show the explicit symmetries of a theory, it is useful to write down a corresponding action for such a theory. The action to yield the Dirac equation (3) can simply be written as
withψ(x) = ψ † (x)γ 0 as antispinor field. The action is invariant under the global Poincaré group P(1,3) = SO(1,3)⋉P 1, 3 . The global Lorentz group transformation is given by
with the group element
where Σ µν are the generators of the spin group SP (1, 3) in the spinor representation. From the isomorphism property of the group, the spin group SP(1,3) is isomorphic to the Lorentz group SO(1,3), i.e., SP(1,3) ∼ = SO (1, 3) . For the translational group P 1,3 , it is invariant under the parallel translation of coordinates
with a µ the constant vector. It indicates that the external rotational invariance of spacetime coordinates in the vector representation is coherent to the internal spin invariance of the Dirac field in the spinor representation. Namely, the external symmetry SO(1,3) of the four-dimensional spacetime coordinates must coincide with the internal symmetry SP(1,3) of the four-component entity Dirac field. As a consequence, it results in the conservation of total angular momentum. Specifically, the internal spin symmetry SP(1,3) incorporates a boost spin symmetry SU * (2) and a helicity spin symmetry SU(2), i.e., SP(1,3) ∼ =SO(1,3) ∼ =SU * (2)×SU(2). The mass of a Dirac spinor is supposed to originate from spontaneous symmetry breaking. Let us consider a massless Dirac spinor m = 0. As a consequence, the above action generates two new symmetries.
One is the global conformal scaling symmetry. Namely, the action is invariant under the global conformal scaling transformation for the coordinates and Dirac field,
with λ the constant scaling factor. The other is the so-called chiral symmetry. It can be shown that the action is invariant under the global chiral transformation
with
It characterizes an intrinsic property of the Dirac spinor, which may be called a chirality spin.
Inspired by the derivation of the Dirac equation, it is natural to postulate that such a chirality spin invariance of massless Dirac spinors in the spinor representation reflects a rotational invariance of extra spacetime dimensions. It is not difficult to check that once the Dirac spinor becomes massless m = 0, the action Eq. (5) in four-dimensional spacetime can be extended to an action in a six-dimensional spacetime,
where ψ(x) remains a four-component entity Dirac spinor but as a field of six-dimensional spacetime coordinatesx = {xμ}. We have used the following notations,
with I 4 denoting the 4×4 unit matrix. The equation of motion for such a massless Dirac spinor reads
with the constant metric matrix
The signature of ημν is −4, which indicates that the additional two dimensions are spatial ones. This can explicitly be checked from the invariance of chiral transformation of the Dirac spinor. The coordinates of the fifth and sixth dimensions transform correspondingly as a rotation, i.e.,
It can be shown that the action, Eq. (12), becomes invariant under the Lorentz group SO(1,5)
where S(L) is the spin group element in the spinor representation
where the fifteen 4 × 4 matrices Σμν are the generators of spin group SP (1, 5) in the spinor representation. The transformation under the internal spin group SP(1,5) has to coincide with that under the external Lorentz group SO(1,5) in order to preserve maximal symmetry. From group isomorphism, SP(1,5) ∼ =SO(1,5) ∼ =SU * (4), the spin group SP(1,5) provides a maximal unitary symmetry for the four-component entity complex Dirac field. To further reveal intrinsic properties of the above action, we shall demonstrate how the extra two dimensions transform under ordinary parity-inversion (P), time-reversal (T ) and chargeconjugation (C). To make the action invariant and nontrivial under the discrete symmetries P, T and C in the six-dimensional spacetime, the Dirac spinor as a field of six-dimensional spacetime coordinates should transform as follows:
for parity-inversion,
for time-reversal, and
for charge conjugation. The Dirac field transforms under CPT as
which shows that the extra two-dimensional coordinates have a different CPT transformation property from the ordinary four-dimensional spacetime coordinates. Unlike the ordinary four-dimensional spacetime coordinates, the signs of the extra twodimensional coordinates flip under charge-conjugation C. This is because the pseudoscalar and scalar currents of Dirac spinor are invariant under ordinary charge-conjugation C in four-dimensional spacetime. If the extra dimensions do not undergo a flip in sign under charge-conjugation, the action will not be invariant because of the following identities:
which have opposite signs compared to the terms imposed by the hermiticity of the action. The same reason applies to the transformation properties of the extra dimensions under P and T .
To reflect the intrinsic property of the extra two dimensions, let us introduce an intrinsic W-parity. It is well-known that a massless Dirac spinor can be decomposed into two Weyl spinors in four-dimensional spacetime,
Here ψ L,R are the so-called left-handed and right-handed Weyl spinors with a property
They are regarded as two independent Weyl spinors for the massless Dirac spinor in fourdimensional spacetime. However, in the six-dimensional spacetime, the two types of Weyl spinor are correlated via the spin symmetry SP (1, 5) . It is not difficult to check that the action has an intrinsic discrete symmetry under a W-parity operation W,
Under a combined W-parity and charge-conjugation operationC ≡ WC, we havẽ
which shows that only under the combined operationC are all six-dimensional coordinates unchanged. Such a combined operatorC has the following feature:
which indicates that the W-parity charge-conjugation characterizes a discrete Z 4 property. It is useful to introduce a joint operator Θ ≡ WCPT =CPT . Under Θ operation, we have
which demonstrates that the joint operation Θ becomes more essential than the ordinary joint operation CPT for the massless Dirac spinor as a field of six-dimensional spacetime coordinates.
III.
MASSLESS DIRAC SPINOR AS MAJORANA-OR WEYL-TYPE SPINOR IN 6D SPACETIME AND CHARGE SPIN GAUGE SYMMETRY
A. Massless Dirac spinor as Majorana-type spinor in 6D spacetime
In terms of the Dirac field ψc(x) defined via the combined W-parity charge-conjugatioñ C, i.e.,
the action for the massless Dirac spinor in the six-dimensional spacetime can be rewritten as follows
Here, Ψ(x) is an eight-component entity spinor field defined as
which is a Majorana-type spinor in the six-dimensional spacetime,
withĈ given explicitly byĈ
Here σ 2 is the antisymmetry Pauli matrix. The 8 × 8 matrixĈ valued in the spinor representation defines a new charge-conjugation in the six-dimensional spacetime. It is seen that the W-parity charge-conjugated Dirac field ψc(x) enables us to express the complex four-component entity Dirac field ψ(x) as an eight-component entity Majorana-type spinor field Ψ(x) and obtain a self hermitian action. Considering ψ(x) and ψc(x) as a charge spin doublet, we can show that the action given in Eq. (31) possesses an internal charge spin symmetry SU(2) that characterizes the coherence between ψ(x) and ψc(x). Namely, the action is invariant under the symmetry group SU(2) transformation
with τ i /2 the generators of SU(2).
B. Charge spin gauge symmetry and doubly electron-charged bosons
By gauging the charge spin symmetry SU(2) and introducing the corresponding gauge field
, we obtain an action with the internal charge spin gauge symmetry SU(2) for the massless Dirac spinor. The action is explicitly given as follows
with g c and λ s the coupling constants. Dμ and Fμν(x) are the covariant derivative and field strength, respectively, in the six-dimensional spacetime:
When such a Dirac spinor is regarded as a massless charged particle, the third component gauge field A 3 µ τ 3 /2 that is associated with the symmetry of subgroup U(1)∈SU(2) will characterize an electromagnetic interaction. The gauge bosons in the coset SU(2)/U(1) are doubly electrically charged bosons.
A singlet scalar field ϕ(x) is introduced to preserve the global conformal scaling symmetry of the action under the transformations
From the above action, Eq. (36), we arrive at an equation of motion
for the massless Dirac spinor in the six-dimensional spacetime. In terms of the quadratic form of the covariant derivation, we have
For a comparison with the four-dimensional theory, it is useful to rewrite the above equation as follows:
where the right-hand side shows the effect arising from extra dimensions. We have used the following definitions
The equation of motion for the scalar field reads
For the gauge field, we obtain the following equation of motion
So far we have shown that a complex four-component entity massless Dirac spinor in four dimensional spacetime can be realized as an eight-component entity massless Majorana-type spinor in six-dimensional spacetime. The action is explicitly constructed to have the internal charge spin gauge symmetry SU(2) and the maximal global internal spin symmetry SP(1,5) that transforms coherently with the maximal global external Lorentz symmetry SO(1,5).
In general, the complex Dirac field can be decomposed into real-and imaginary-type spinor fields
which satisfy the conditions
The Majorana-type field in the 6D spacetime can be rewritten as
The charge conjugation for Ψ 1 (x) is defined as
In terms of Ψ 1 (x), the action for the spinor field can be expressed as
In other alternative representations, we have
and
Different spinor structures reflect relevant properties of extra dimensions and representations of internal symmetry.
C. Majorana-Weyl property of massless Dirac spinor
To reflect explicitly the properties of chirality spin and W-parity, it is useful to show that a complex four-component entity massless Dirac spinor in four dimensional spacetime can be realized as an eight-component entity massless Weyl spinor in six-dimensional spacetime as follows
ψ − (x) is an eight-component entity massless Weyl-type spinor defined as 
It is easy to show that both fifth and sixth dimensions are spatial under operations P and T . We can define the charge conjugation for such a Weyl-type spinor in the six-dimensional spacetime. Explicitly, the charge-conjugated Weyl spinor ψ c − (x) is defined as
with the property for the charge-conjugation operator
The action Eq. (55) can be rewritten as follows:
where we have taken ψ − (x) and ψ c − (x) as a charge spin doublet to define the following sixteen-component entity spinor field
We can check that the action Eq. (61) is equivalent to the action Eq. (31) by noticing the following identity
It is not difficult to show that Ψ − (x) satisfies a Majorana-type condition
The action Eq. (61) possesses the charge spin symmetry SU(2) between Weyl-type spinor ψ − (x) and its charge-conjugation ψc − (x). Again taking SU(2) as a gauge symmetry, we can obtain, analogous to the action Eq. (36), the following gauge invariant action
Here Ψ − (x) is regarded as a Majorana-Weyl-type spinor in the spinor representation of eight dimensions.
The extra dimensions correlate with the chirality spin of the Dirac spinor. In general, a massless Dirac spinor is characterized by the intrinsic quantum numbers of boost spin, helicity spin, chirality spin and charge spin.
IV. GRAVIFIELD FIBER BUNDLE STRUCTURE OF SPACETIME AND GRAV-ITATIONAL GAUGE FIELD THEORY IN 6D SPACETIME
The above action for the massless Dirac spinor with maximal symmetry is built based on a globally flat Minkowski spacetime , which is an affine spacetime denoted as M A for a convenience. It possesses in general a Poincaré or non-homogeneous Lorentz symmetry P(1,5) = SO(1,5)⋉P 1, 5 . Both internal spin symmetry SP(1,5) of the massless Dirac spinor and external Lorentz symmetry SO(1,5) of the coordinates are global symmetries. They have to coherently incorporate each other to preserve the Lorentz invariance of the action in the six-dimensional spacetime. In this section, we shall propose that the spinor spin symmetry SP(1,5), analogous to other internal symmetries of spinors, is gauged as a local symmetry, and the external Lorentz symmetry SO(1,5) remains a global symmetry. Thus the spinor spin symmetry SP (1, 5) as an internal symmetry is distinguished from the external Lorentz symmetry SO (1, 5) . To build an action with both the local spin gauge symmetry SP (1, 5) and the global Lorentz symmetry SO(1,5), we shall apply the postulate proposed in Ref. [1] to construct an action within the framework of gravitational quantum field theory.
A. Gravifield fiber bundle structure of spacetime
As demonstrated in Ref. [1] , it is essential to introduce a bicovariant vector field and a spin gauge field to preserve both the local spin gauge symmetry SP(1,5) and the global Lorentz symmetry SO (1, 5) . Explicitly, the kinematic term for the Dirac spinor field is extended to be
withχμ a (x) the bicovariant vector field, and
the spin gauge field. Here the Greek alphabet (μ,μ = 0, 1, 2, 3, 5, 6) and the Latin alphabet (â,b, = 0, 1, 2, 3, 5, 6) are adopted to distinguish the vector indices defined in the vector representations of Lorentz group SO(1,5) and spin group SP(1,5), respectively. The derivative vector operator ∂μ ≡ ∂/∂xμ at the pointx of M A defines a tangent basis {∂μ} ≡ {∂/∂xμ} for the tangent Minkowski spacetime T M over the globally flat Minkowski spacetime M A . Accordingly, we introduce a field vectorχâ(x) at pointx of M A respective to the derivative vector operator ∂μ. Such a field vectorχâ(x) is explicitly defined via the bi-covariant vector fieldχμ a (x) as follows:
which forms a field basis {χâ(x)} for the locally flat non-coordinate spacetime over the globally flat Minkowski spacetime M A . We shall call such a locally flat noncoordinate spacetime a gravifield spacetime denoted as G M . Hereχμ a (x) is the so-called gravifield and {χâ(x)} provides a gravifield basis. The displacement vector dx µ at pointx of M A defines a dual tangent basis {dxμ} for a dual tangent Minkowski spacetime T * M over the globally flat Minkowski spacetime M A . The tangent basis and dual tangent basis satisfy the dual condition
Analogously, we shall introduce a dual vector χâ(x) at pointx of M A respective to the displacement vector dx µ . For that, let us first define a dual bicovariant vector field χâ µ (x) via the following orthonormal conditions
which can be regarded as the inverse of the gravifieldχμ a (x). Thus the dual bicovariant vector χâ µ (x) is dual to the gravifield, which exists once the determinant ofχμ a (x) is nonzero, detχμ a (x) = 0.
The dual vector χâ(x) is defined via the gauge-type gravifield χâ µ (x) associated with the displacement vector dx
which satisfies the dual condition
The dual gravifield basis {χâ} forms a dual gravifield spacetime G * M over the globally flat Minkowski space-time M A .
The gravifieldχμ a (x) defined on the gravifield spacetime G M and valued on the tangent Minkowski spacetime T M transforms as a bicovariant vector field under both the local spin gauge transformation SP (1, 5) and global Lorentz transformation SO (1, 5) . Such a gravifield basis does not commute and satisfies the following non-commutation relation
which shows that the locally flat gravifield spacetime G M is associated with a noncommutative geometry. Such a non-commutative geometry is characterized by a gravitational field strength χâ µν defined from the gauge-type gravifield χâ µ (x). We write such a gauge-type gravifield as follows Physically, the globally flat Minkowski spacetime is deemed a vacuum spacetime V. Thus the canonical identification of vector spacetimes enables us to simplify the spacetime structure as
Therefore, the total spacetime is viewed as a gravifield fiber bundle E with the gravifield spacetime G as the fiber and the vacuum spacetime V as the base spacetime. The correlation between the total spacetime E and the product spacetime V × G is defined using a continuous surjective map π χ which projects the bundle E to the base spacetime V, i.e., π χ : E → V. Formally, we express the gravifield fiber bundle structure of spacetime as (E, V, π χ , G) with the trivial case
B. Gravitational gauge field theory for massless Dirac spinor in 6D spacetime
With the above analysis, we are in a position to build a gravitational gauge field theory for a massless Dirac spinor based on the framework of gravitational quantum field theory proposed in Ref. [1] . Our main postulates are that: (i) the maximal internal symmetry of the gravifield spacetime G and the Dirac spinor field is a gauge symmetry that characterizes the basic interaction and dynamics of all fields, and the maximal external symmetry of vacuum spacetime V is a global symmetry that describes the inertial motion and kinematics of all fields; and (ii) the action is built based on the principles of gauge-invariance and coordinateindependence.
In terms of the gravifield basis {χâ} and {χâ}, it enables us to define a non-coordinate exterior differential operator in the gravifield spacetime
Thus all gauge fields and field strengths can be expressed as the one-form and two-form gravifield spacetime G by using the gravifield basis vector χâ and exterior differential operator. Explicitly, we have
where the gauge fields and field strengths are all sided on the locally flat gravifield spacetime G. They are projected through the gravifieldχμ a to become the corresponding gauge fields and field strengths defined in the globally flat vacuum spacetime V, i.e.,
with A = (A, ̥, A, W) and F = (F , G, F, W). The field strength of the gauge-type gravifield Gμ(x) has the following explicit form
with the covariant derivative defined as
Here the gauge field Wμ = g w Wμ with gauge coupling constant g w is introduced to extend the global conformal scaling symmetry of the massless Dirac spinor to a local conformal scaling gauge symmetry, while allowing the coordinates of Minkowski spacetime to remain, keeping the global conformal scaling symmetry. Namely, the Dirac spinor field, scalar field and gravifield transform under the local conformal scaling gauge transformation as follows:
and the conformal scaling gauge field transforms as an Abelian gauge field,
Thus the invariant field strength is given by
which governs a basic force of conformal scaling gauge interaction. Such a conformal scaling gauge field was first proposed by Weyl [17] for the purpose of the electromagnetic field, which is known to result from an U(1) gauge symmetry. It is useful to express the covariant derivative as one-form in the gravifield spacetime G
The Hodge star " * " in the six-dimensional gravifield spacetime G is defined as
With the exterior differential operator d χ and the gravifield basis vectors χâ andχâ, it enables us to build a gauge-invariant and coordinate-independent action in the gravifield spacetime G. The general form of the action is found to be
with α E and α W the constant parameters. The following definitions and relations have been used
with ǫâbĉdêf ( ǫ 012356 = 1, ǫâbĉdêf = −ǫâbĉdêf ) the totally antisymmetric Levi-Civita tensor which has the following general properties
with M an n × n matrix M = (M ab ). The action given in Eq. (87) provides a gravitational gauge field theory for the massless Dirac spinor with the maximal gauge symmetry group
Here SG(1) denotes the conformal scaling gauge symmetry. The Dirac spinor field and gauge field belong to the spinor representation and vector representation of the spin gauge group SP(1,5) ∼ = SU * (4), respectively, in the six-dimensional gravifield spacetime G.
V.
DYNAMICS OF FIELDS AND SPACETIME IN GRAVITATIONAL GAUGE FIELD THEORY
The action Eq. (87) is obtained following the principle of gauge-invariance and coordinateindependence in the locally flat gravifield spacetime G, which is distinguished from the general theory of relativity which was built based on the principle of general covariance of coordinate with a local symmetry group GL(D, R) in a curved Riemannian spacetime.
To see explicitly the difference between the gravitational gauge field theory and the general theory of relativity, it is useful to take a formalism by projecting the action Eq. (87) from the locally flat gravifield spacetime G to the gravifield fiber bundle with the globally flat vacuum spacetime V as a base spacetime. It can be realized by simply changing the gravifield basis {χâ} and {χâ} into the corresponding coordinate basis {dxμ} and {∂μ}. The explicit formalism is found to be
with the definitionsΨ
where the symmetric tensor fieldχ µν (x) couples to all fields. We have also made a redefinition by rescaling the Majorana-Weyl type spinor field Ψ − (x) Eqs.(62)-(64) to be
A. Generalized equations of motion in a gravitational relativistic quantum theory
From the above action, we are able to extend the Dirac equation in four-dimensional relativistic quantum theory to a generalized equation in the six-dimensional gravitational relativistic quantum theory. Explicitly, a generalized equation of motion for the massless Dirac spinor with maximal symmetry is simply given by
with the spin gauge-invariant vector field defined as
which preserves the conformal scaling gauge invariance of the equation of motion. Its quadratic form is found to bê
where we have introduced the definitions (∇μ + Vμ)(Dν + Vν) ≡ (Dμ + Vμ)(Dν + Vν) + Γρ (μν) (Dρ + Vρ) ,
Here the tensor field Γρ µν (x) defines a kind of spacetime gauge field with a hidden gauge symmetry. The gauge-type gravifield behaves as a Goldstone-like boson field which transmutes the local spin gauge symmetry SP (1, 5) to the global Lorentz symmetry SO (1, 5) . The motion of the Dirac spinor is governed by various field strengths Fâb µν , F î µν , Gâ µν and Vμν. Here Vμν appears as a special field strength and its effect is distinguished from other field strengths due to an imaginary factor.
The equations of motion for the spin and scaling gauge fields as well as the charge spin gauge field are found to be
with the currents given by
where we have used the following notations
It can be demonstrated that the above currents are all conserved currents which satisfy the conservation laws
B.
Dynamics of gravifield and spacetime with totally conserved energymomentum tensor
The equation of motion for the gauge-type gravifield χâ µ is found to be
with the definitions for the bicovariant tensor currents and covariant derivative as follows:
The bicovariant vector current Jμ a is not a conserved current, while it is correlated to a totally conserved energy-momentum tensor Tμ ν due to the translational invariance of spacetime coordinates in the action, Eq. (91),
where the totally conserved energy-momentum tensor is found to be
which possesses a hidden gauge symmetry. The equation of motion for the gravifield, Eq. (103), can be expressed in connection with the totally conserved energy-momentum tensor as follows
with the definitions for the spacetime tensors
Here, Gμν ρ and Gμ ρ are regarded as the gravifield tensor and gravifield tensor current with a hidden gauge symmetry. The spacetime gauge field Γσ νρ is defined in Eq. (98). Equation (107) provides an equation of motion for the Goldstone-like gravifield with a hidden gauge symmetry, which is an alternative to Einstein's equation of general relativity. Note that the gauge-invariant energy-momentum tensor Tμ ρ given in Eq. (106) is a totally conserved energy-momentum tensor. It contains contributions from all fields including the gravitational effect. In general, Tνμ ≡ Tρ ν ηρμ is not symmetric, Tνμ = Tμν, and the equation of motion, Eq. (107), has both symmetric and antisymmetric components. The symmetric components of the equation of gravifield in Eq. (107) lead to a generalized Einstein equation of general relativity in the six-dimensional spacetime.
In light of the energy-momentum conservation ∂μTμ ρ = ∂μ(Jμ a χâ ρ ) = 0, we obtain the following conserved current
which is considered to be an alternative conservation law for the gravifield tensor current. From Eqs. (107 )- (109), we arrive at the following equation,
where Rσ µνρ defines a field strength for the spacetime gauge field Γν µρ ,
Equation (110) indicates that the vector current made by two field strengths Rσ µνρ and Gμν σ is identical to the vector current made through the spacetime gauge field Γν µρ and the totally conserved energy-momentum tensor Tμ ν . All equations of motion are conformal scaling gauge invariant, which is attributed to the introduction of the scalar field. It is easy to read off the equation of motion for the scalar field
with the scalar current
VI. GEOMETRICAL SYMMETRY BREAKING MECHANISM FOR MASS GEN-ERATION OF DIRAC SPINOR
It has been shown in the previous sections that a massless Dirac spinor generates both chiral symmetry and conformal scaling symmetry, which allows us to extend the usaual spinor spin symmetry SP(1,3) ∼ =SO(1,3) and Lorentz symmetry SO (1, 3) in the four-dimensional Minkowski spacetime to obtain an enlarged spinor spin gauge symmetry SP(1,5) ∼ =SO(1,5) ∼ =SU * (4) and global Lorentz symmetry SO(1,5) in a six-dimensional Minkowski spacetime. In other words, to yield a massive Dirac spinor, either chiral symmetry or conformal scaling symmetry has to break down.
It is clear that when the spinor spin symmetry SP(1,5) ∼ =SO(1,5) is broken down to SP(1,4) ∼ =SO (1, 4) , the chiral symmetry is spoiled and the Dirac spinor is expected to become massive. As a demonstration, let us consider the following background structure of spacetime by choosing an appropriate expectation value of the bulk gravifield,
withμ = (µ, 5) ,ã = (a, 5) , x 6 = z. Here ξ(z) = ζ(z) provides a necessary condition for the symmetry breaking, i.e., SP(1,5) ∼ =SO(1,5) is broken down to SP(1,4) ∼ =SO(1,4). The equation of motion of the Dirac spinor in such a background structure is found to be
To solve the above equation, let us consider a type of ground state solution and ignore the Kaluza-Klein modes. Namely, the Dirac field can be factorized into the following form
with the Dirac field ψ(x) defined in a five-dimensional spacetime. Suppose that ψ(x) satisfies the following equation
with m the mass of the Dirac spinor. Substituting Eqs. (116)- (117) into Eq. (115), we obtain two equations,
Solving the above equations, we arrive at the solutions:
In terms of such background solutions, the action for the massless Dirac spinor in the six dimensional spacetime can be reduced, by integrating over the sixth dimension, to an action with a massive Dirac spinor in a five dimensional spacetime. In order to make the resulting theory finite for an infinitely large region of the sixth dimension, i.e., z = (−∞ , ∞), it requires that
A simple function satisfying the above condition can be taken as 
with erf(z/l c ) the error function, where l c plays a role as a characteristic length scale of the sixth dimension. Note that the bulk gravitational field in the sixth dimension is only considered as a background field. One should in general take into account the back reaction effect by solving the gravitational equation.
VII. CONCLUSIONS AND REMARKS
We have shown that a massless Dirac spinor generates new symmetries under the transformations of chirality spin and charge spin as well as conformal scaling operations. Inspired by the coherent relation between the dimensions of spacetime and the intrinsic quantum numbers of Dirac spinors, we have demonstrated with the introduction of intrinsic W-parity that the massless Dirac spinor can be treated as a Majorana-type or Weyl-type spinor in a six-dimensional spacetime that reflects the intrinsic quantum numbers of chirality spin. A generalized Dirac equation with maximal symmetry has been derived in the six-dimensional spacetime.
Based on the framework of gravitational quantum field theory with the postulate of gauge invariance and coordinate independence [1] , we have built a gravitational gauge field theory in the six-dimensional spacetime by gauging the maximal symmetry of the Dirac field. The gauge-type gravifield is introduced as a bicovariant vector field defined in the sixdimensional biframe spacetime. Such a biframe spacetime is shown to be a gravifield fiber bundle E. The locally flat gravifield spacetime G is regarded as a fiber and the globally flat Minkowski spacetime V as a base spacetime. Such a gravitational gauge field theory is governed by the spinor spin gauge symmetry group SP(1,5) ∼ =SU * (4) and the charge spin gauge symmetry group SU(2) in the six-dimensional Minkowski spacetime characterized by the global Poincaré group P(1,5)= SO(1,5)⋉P 1, 5 . The global and local conformal scaling symmetries of the theory demand the introduction of scalar and conformal scaling gauge fields.
We have deduced a gravitational relativistic quantum equation for the massless Dirac spinor in the six-dimensional spacetime with maximal gauge and global symmetries. The equations of motion for the gauge fields have been shown to be described by the conserved currents in the presence of gravitational effects. It has been demonstrated that the dynamics of the gravifield as a Goldstone-like boson is governed by a totally conserved energymomentum tensor. The conservation law of the energy-momentum tensor leads to an alternative equation between the field strengths and the spacetime gauge field given in the hidden gauge formalism. The symmetric part of the totally conserved energy-momentum tensor provides a generalized Einstein equation of gravity in the six-dimensional spacetime.
We have also demonstrated a geometrical symmetry breaking mechanism for the mass generation of the Dirac spinor. When the background structure makes the spinor spin symmetry SP(1,5) ∼ =SO(1,5) break down to SP(1,4) ∼ =SO(1,4), the chiral symmetry is automatically spoiled and the Dirac spinor becomes massive. Such a mass generation mechanism is an alternative to the Higgs mechanism. It is intriguing to study a possible correlation between the Higgs boson and the gauge field component in the sixth dimension when the theory is reduced to a lower dimensional spacetime.
In conclusion, we have shown that the maximal symmetry of the massless Dirac spinor does lead to a more general theory in the six-dimensional spacetime. Such a theory is expected to cause some new physical effects in the presence of the gravitational interaction at a high energy scale. In particular, the quantum effects of the gravitational gauge interaction and charge spin gauge interaction need to be investigated in the six-dimensional spacetime. It is also interesting to further study its implications, including the prediction of doubly electrically charged bosons, and the existence of spinor spin gauge bosons in the six dimensional spacetime. In particular, some intrinsic properties of extra dimensions and alternative symmetry breaking mechanisms need to be explored in detail.
